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Abstract

This report analyzes the accuracy and e!ciency of four numerical methods in relation to the Black-Scholes-

Merton (BSM) partial di”erential equation. The methods are as follows: binomial trees option pricing, Crank-

Nicolson finite di”erence, Fourier spectral methods, and Monte Carlo simulation. These methods are investigated

through an analysis of convergence, an array of test cases, and an analysis of Greeks (derivatives of the BSM

PDE). Our convergence analysis reveals that Fourier spectral methods achieve the fastest error reduction, but

performs poorly for Vega and in extreme test cases. Binomial trees and the Monte Carlo method have a slower

convergence, but often succeed in high stress scenarios, with Binomial Trees being the most accurate method

for Greeks. The Crank-Nicolson demonstrates a good approximation of option prices but shows oscillations and

degradation in Vega and Gamma approximations. Overall, our analysis has confirmed the viability of numerical

methods even at coarse discretizations to approximate the BSM PDE and its Greeks quickly in a variety of

conditions.
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1 Introduction

Option pricing is a multi-trillion-dollar application of
partial di!erential equations (PDE). An option contract
gives the holder the right, but not the obligation, to buy
or sell an underlying asset at a predetermined price at
a specified maturity date. The Black-Scholes-Merton
(BSM) model is a foundational PDE used to calculate
the theoretical fair value of options and remains a cor-
nerstone of modern financial mathematics [2]. While
the BSM equation admits a closed-form analytical solu-
tion under idealized assumptions, leads to a mispricing
in volatility shocks and crashes. Numerical methods
therefore play a central role in both practical option
pricing and the extension of the BSM framework to
more complex settings. This report proceeds to ana-
lyze and compare numerical solution techniques (Bino-
mial/Trinomial Tree, Crank–Nicolson, Fourier Spectral
Method, Monte Carlo) against the analytical BSM solu-
tion in a controlled mathematical context. We validate
multiple numerical solvers against the analytical BSM
solution and identify which numerical frameworks most
accurately solve the BSM PDE and for its Greeks un-
der varying input scenarios, informing model choice for
when analytical solutions are not available.

2 Mathematical Background on

the BSM PDE

2.1 The Black–Scholes–Merton Equation

ωV

ωt
+

1

2
ε2S2 ω

2V

ωS2
+ rS

ωV

ωS
→ rV = 0. (1)

The BSM has five input variables: Strike price (K):
The fixed price at which the option holder may buy or
sell the asset). Current Stock Price (S): The market
price of the underlying asset today[2]. Time to Ex-
piration (t): Time remaining until the option expires
(in years). Risk-Free Rate (r): The theoretical interest
rate of an investment with zero risk over the option’s
life to expiration. Volatility (ε): A measure of uncer-
tainty/variability in the asset’s price through a standard
deviation of stock returns. In addition, the BSM makes
five important assumptions: (1) Lognormal distribution
of stock prices (2) Stocks do not pay any dividends or
returns. (3) Markets are random, with no prediction
of movement. (4) The general amplitude of the change
can be predicted, and the volatility is constant. (5) The
risk free interest rate is constant and can be predicted in
advance. These assumptions are problematic, for exam-
ple, evidence shows that implied volatility varies across
strikes and maturities, producing volatility smiles and
skews that the model cannot capture[9]. The deriva-
tives of the BSM PDE are infamously referred to as the

Greeks—Delta, Gamma, Vega, Rho, and Theta. This
paper focuses on the 3 most important Greeks to hedg-
ing strategies and risk management —Delta, Gamma,
and Vega—which are the main use cases of options[3, 5].
Delta (” = ωV

ωS ) is the first derivative of the solution
with respect to the price of the underlying asset. It mea-
sures option sensitivity to changes in underlying asset
price. Gamma (# = ω2V

ωS2 ) is the curvature of the solu-
tion with respect to the underlying. High gamma occurs
near the strike–especially during low volatility or short
maturity. Methods with inadequate spatial resolution
struggle with this, making gamma a key indicator if a
solution needs finer grids or adaptive meshing. Vega
(Vega = ωV

ωε ) measures sensitivity of the solution to the
di!usion coe$cient of the PDE. High Vega broadens the
price distribution, which makes boundary/tail handling
more important.

3 Methodology: Numerical Meth-

ods

The following section will explore three standard nu-
merical methods and one probabilistic method used to
solve the BSM. Each method has been implemented us-
ing Python and has had computations performed as de-
scribed in section 5.

3.1 Binomial / Trinomial Tree

The binomial tree is a numerical option pricing method
that models asset price evolution over multiple discrete
time steps [11]. Unlike the analytical Black–Scholes
model, which produces a single price, the binomial tree
allows for calculation at every step of both the asset
price and option value [11, 7].

The value, f , of an option for a one-step tree is given
by:

f = e→rt (ϑfu + (1→ ϑ)fd) (2)

where
u = eε

↑
t (3)

is the up-move factor,

d = e→ε
↑
t (4)

is the down-move factor, and

ϑ =
ert → d

u→ d
. (5)

This model is defined by the up and down price move-
ment factors over each step—whose probabilities de-
pend on the input variables within a specified time inter-
val [0, t] broken into n equal subsections [6]. Therefore,
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a tree of possible stock price movements is constructed
[11]. As the number of steps n increases, the pricing for-
mulas converge to the value given by the Black–Scholes
model. The algorithm works backward through time
to find the original price option from the known option
payo! [4].

The binomial tree succeeds in areas of path-dependent
options, such as double barrier knock-out options where
payo! is tied to whether the asset price crosses a de-
termined upper or lower boundary [11]. However, the
tree’s discrete structure introduces piecewise behavior
that can lead to slower convergence compared to grid-
based PDE or spectral methods, particularly in regimes
requiring fine resolution near the strike or at short ma-
turities. The binomial tree may require significantly
higher resolution to match the accuracy of methods de-
signed to directly solve the continuous PDE.

3.2 Crank–Nicolson (Finite Di!erence)

The Crank–Nicolson (CN) method is a finite-di!erence
scheme used for solving PDEs by averaging explicit and
implicit steps for stability and accuracy [10].

The computational domain is discretized using a uni-
form grid in asset price (S) and time (t), with

Si = i”S, i = {0, 1, . . . , N}
Tn = n”T, n = {0, 1, . . . ,M}

where

”S =
Smax

N
and ”T =

texpiry
M

.

The option value at each grid point is denoted by

V n
i = V (Si, Tn).

Spatial derivatives are approximated using central finite
di!erences:

ϖV

ϖS
=

V n
i+1 → V n

i→1

2”S
,

ϖ2V

ϖS2
=

V n
i+1 → 2V n

i + V n
i→1

”S2
.

Time integration uses a trapezoidal rule that averages
the spatial di!erential operator between time levels at
n and n+ 1. Defining the Black–Scholes operator:

L[V ] =
1

2
ε2S2VSS + rSVS → rV.

The semi-discrete scheme is:

V n+1
i → V n

i

”t
=

1

2

)︄
L[V n+1]i + L[V n]i

[︄
.

Rearranging gives a linear system at each time step
]︄
I → ”t

2
A

⌊︄
V n+1 =

]︄
I +

”t

2
A

⌊︄
V n,

where
V n = (V n

0 , . . . , V n
N )T .

This matrix system can be solved using boundary con-
ditions (for a call option)

V (0, t) = 0 and V (Smax, t) ↑ Smax →Ke→r(T→t)

incorporated into the right-hand side of the system. The
resulting tridiagonal system is solved e$ciently at each
time step.

The Crank–Nicolson method is well suited for analyzing
convergence and discretization e!ects in a PDE frame-
work. Its stability allows for reliable pricing across a
wide range of parameters with relatively coarse time
steps. However, since the method relies on fixed spa-
tial grids and domain truncation, accuracy can degrade
near sharp payo! features or if boundary placement is
inadequate.

3.3 Fourier Spectral Method

Fourier spectral methods (FSMs) solve PDEs by rep-
resenting the solution in Fourier space and evolving its
spectral coe$cients in time. The primary benefit of
analyzing PDEs in Fourier space is that spatial deriva-
tives become simple algebraic multiplication, reducing
the PDE to a decoupled collection of ODEs which can
be integrated exactly in time. For the BSM PDE, it
must first be transformed into a log-price form to re-
move all S-dependent coe$cients. This transformation
is as follows: x = ln(S), u(x, t) = V (ex, t), resulting in

ut = auxx+ bux→ ru, a = 1
2ε

2, b = r→ 1
2ε

2. (6)

This new form has only constant coe$cients making
it applicable for the FSM. The new terminal condition
becomes: u(x, T ) = max(ex → k, 0). Additionaly, the
Fourier transform is taken in x (using Python’s FFT)
resulting in:

ût(k, t) = ϱ(k) û(k, t), ϱ(k) = →ak2 + ibk → r. (7)

In this state, each Fourier mode can be solved exactly
with:

û(k, t) = û(k, T ) eϑ(k)(t→T ). (8)

Due to the time evolution being analytical, no time-
stepping scheme is required unlike earlier methods de-
scribed. This eliminates any temporal discretization er-
ror. It is to be acknowledged that FSM assumes period-
icity which u(x, t) does not have. To accommodate this,
its spatial domain is truncated to [xmin, xmax], where
these bounds are chosen to be wide enough that the
option value and its derivatives are e!ectively 0, min-
imizing wrap-around error. This method is highly ac-
curate for smooth solutions, providing a strong refer-
ence for convergence comparisons. The Fourier method
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is expected to perform well in high-volatility or long-
maturity regimes with smooth price profiles, but to ex-
hibit sensitivity to domain size and truncation choices
in regimes where the Black–Scholes solution is less reg-
ular.

3.4 Monte Carlo

The Monte Carlo simulation is a probabilistic method
for option pricing that estimates the expected payo!
by averaging outcomes across a large number of sim-
ulated asset price paths [3]. Under the BSM assump-
tions, the asset price follows geometric Brownian mo-
tion with a deterministic drift—the constant movement
of the asset—and a stochastic component—which repre-
sents market volatility [3]. Since asset price movements
are a!ected by random variable interactions, the future
outcome cannot be determined with certainty. Instead,
this model is used to address randomness in a system
by repeatedly testing values for uncertain variables [1].
Over a small time step ”t, the asset price evolves ac-
cording to:

S(t+”t) = S(t) exp
⌋︄
(r → 1

2ε
2)”t+ ε

↓
”tZ

⌈︄
(9)

where S is the stock price, r is the risk free interest rate,
ε is the volatility, and Z is the standard normal random
variable. For each simulated path, the terminal payo!
is computed as:

Payo!(call) = max(ST →K, 0) (10)

Payo!(put) = max(K → ST , 0) (11)

and the option value is estimated at the discounted ex-
pectation

V = e→rTE(Payo!) (12)

approximated numerically by averaging across all sim-
ulated paths.

This method is particularly e!ective in pricing complex
situations with high dimensionality, as it naturally cap-
tures tail events and extreme outcomes, making it a use-
ful reference in high-volatility or long-maturity regimes.
However, the Monte Carlo method converges slowly,
with statistical error decreasing at a rate proportional
to 1↑

N
[8], therefore computationally expensive for high

accuracy.

3.5 Greeks

Although the derivatives of the PDE are analytically
known under the BSM model, numerical solvers require
numerical di!erentiation or other estimation techniques

to compute the Greeks. For the Binomial Trees, Crank–
Nicolson, and Monte Carlo approaches, numerical dif-
ferentiation is used to compute Greeks. For Binomial
Trees, values at neighboring discrete nodes are taken.
Delta, for example, is computed as

” ↔ Vu → Vd

Su → Sd
. (13)

Monte Carlo Greeks are computed using numerical dif-
ferentiation via a bump-and-revalue approach:

” ↔ V (S +”S)→ V (S →”S)

2”S
, (14)

with common random numbers used to reduce variance.

For Crank–Nicolson, the computed spatial grid is used
to evaluate Delta and Gamma via first- and second-
order central finite di!erences in space, while Vega is
computed using a bump-and- revalue approach. An ex-
ample for Delta is

”i ↔
V n
i+1 → V n

i→1

2”S
. (15)

Fourier spectral methods, however, construct a repre-
sentation of the PDE in Fourier space, allowing Delta
and Gamma to be computed directly. Delta is com-
puted via the chain rule as

” =
ωV

ωS
=

1

S

ωu

ωx
=

1

S
F→1(ik û(k)) . (16)

Gamma is computed analogously using the chain rule,
while Vega follows the bump-and-revalue approach de-
scribed previously for the Monte Carlo method.

4 Methodology: Procedure

4.1 Numerical Method Convergence

For each numerical method, Python implementation was
used to test convergence across an array of discretiza-
tions, chosen to allow for short-timed benchmarks, a
conclusive number of points, and an
order-of-magnitude–similar error (refer to result rep-
resentation in the codebase for exact discretizations).
These were computed for the base case scenario (refer
to Section 4.2). Regression was computed for the ex-
pected convergence fit for all methods but discarded for
the Fourier method due to the inapplicability of the fit
(the ς2 of the fit was over 20).

4.2 Test Cases

To evaluate numerical stability and accuracy across meth-
ods, a structured suite of Black–Scholes option test
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cases was constructed. Each case isolates a specific
modeling or numerical challenge, such as varying volatil-
ity between methods or shortening the time to expiry to
one day. The base case establishes a stable reference

(K = 100, S = 100, t = 1, r = 0.03, ε = 0.2),

with subsequent cases building on this base test by ad-
justing di!erent parameters. The scenarios stress solver
behavior through sharp gradients, tail sensitivity, do-
main truncation, and vanishing PDE terms. Their mo-
tivations are shown in a list below.

Base Case Varied Inputs: None.

Motivation: Used as reference as an at-the-money call
with average volatility and interest rates, enabling clear
attribution of numerical e!ects when parameters are
perturbed.

Deep out-of-the-money call Varied Inputs: S =
67.

Motivation: An OTM call requires a ” (how option
price changes with asset price) near 0 [5]. This case
was generated using ” = 0.05, and the asset price was
calculated using Appendix B. Solvers should compute
option prices near-zero, testing tail accuracy.

Deep in-the-money-call Varied Inputs: S = 130.

Motivation: An ITM call requires a ” nearing 1. This
case was generated with ” = 0.95. This means the
option should behave linearly in S, and methods should
correctly displace low curvature behavior.

Time Sweep Varied Inputs:

t =

⌉︄
1

365
,
1

52

{︄
, t =

⌉︄
1

12
, 6, 5

{︄

Motivation: A shorter time to maturity (1 day, 1
week) forces very little time to smooth at the payo!. A
longer maturity (1 month, 5 years) tests domain bound-
aries.

Volatility Sweep Varied Inputs:

ε = {0.5, 1, 2.5}

Motivation: Low volatility will cause tightly concen-
trated price paths, and option payo!s will be nearly
binary (either guaranteed to payo! or not) while curva-
ture becomes very large near the strike. This will show
how each method handles sharp, localized features. A

high volatility gives a large probability distribution of
future prices. Option values spread far into tails and
will isolate solver behaviors under extreme di!usion.
Values were chosen to represent extreme but plausible
volatility regimes.

Rate Sweep Varied Inputs:

r = {0.0025, 0.15}

Motivation: At low interest rates, future payo!s retain
nearly their full value. The discounting term in the PDE
(→rV ) will vanish, and test whether numerical schemes
rely on this damping term. High interest rates mean
call options tend to increase in value and drift (small
errors in each step) are magnified[5]. Values are based
on historical high [1].

4.3 Greeks

Greeks had 3 tests implemented: Delta against stock
price, Gamma against stock price, Vega against volatil-
ity. For all tests the base case for all variables outside of
those mentioned was used (refer to 5.2). Delta against
stock price and Gamma against stock price were done
at 2 di!erent maturities - a week and a year. They were
plotted over a stock price domain varying from 55% of
the strike to 145% of the strike price, discretized to
10% per step with the most central two steps being 5%.
For the Vega against volatility test, the domain was a
volatility range from 0.05 to 1.5 - historical lows and
highs of the past decade. The test was run twice for the
same stock price and strike price and for the stock price
at 80% of the strike price.

5 Results and Discussion

5.1 Convergence Graphs

There are several key observations that can be made
from Figure 1, which include information on conver-
gence rates, e$ciency analysis, and method character-
istics. The slopes of each line correspond to the conver-
gence rate of the method. The Fourier Spectral method
achieves the lowest error for a given runtime, with the
fastest reduction, therefore being the most e$cient method.
This highlights its use in smooth, periodic problems.
The other three methods, The Crank–Nicolson, bino-
mial tree, and Monte Carlo, display approximately lin-
ear decay in log–log space, with empirical slopes of -
1.69, -0.49, and -0.41, respectively. This indicates pre-
dictable but method-dependent convergence rates. The
steep slope for the Crank–Nicolson method reflects its
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Figure 1: Absolute pricing error versus computation
time on log–log axes for binomial, Monte Carlo, Crank–
Nicolson, and Fourier spectral methods. Each point
corresponds to increasing resolution, with fitted trend
lines indicating empirical convergence rates.

balance of accuracy and stability, due to its second order
time stepping scheme. Both Binomial and Monte Carlo
have approximately the same slope, but the Monte Carlo
simulation converges the slowest of all methods because
its error is dominated by statistical variance regardless
of time discretization; it is therefore better for high di-
mensional problems not demonstrated here. The bi-
nomial tree similarly exhibits slower convergence due
to its discrete state space and first-order time step-
ping, requiring a large number of steps to adequately
approximate the continuous di!usion process. Over-
all, these results highlight the superior convergence ef-
ficiency of PDE-based methods relative to stochastic-
based approaches for option pricing.

5.2 Test Cases

We applied the test conditions from section 4.1 to each
numerical method. Each stress test was designed to
reflect a di!erent market regime—extreme moneyness,
varying time horizons, volatility shocks, and changing
interest rates and to identify which numerical methods
remain reliable under those conditions. Please refer to
the respective part of Appendix B for the graphs com-
puted for the test cases and discussed below.

1. Deep OTM test: This test models behavior when
options have a low probability of being exercised.
It validates that options can handle small proba-
bilities, with no negative prices and proper decay
to zero. The binomial tree method shows no dis-
tinct numerical issues, and the option price cor-
rectly approaches zero as S decreases. The Crank
Nicolson Heat Map showcases a similar consistent
behavior, with the colour gradient tending to dark
purple/black, which is a near zero value. The
method with the most di$culty is the spectral
PDE solution, with the values dipping to zero in

the OTM region, although it is not significant and
still remains close to the analytical solution.

2. Deep ITM Test: A deep ITM test models behav-
ior when options are almost certain to be exer-
cised. The expected behavior is that the model
should approach the intrinsic value. This test was
handled well by binomial tree, Crank Nicolson,
and Monte Carlo. The spectral analysis peaks at
S = 300, but then drops despite S’s continuous
growth. This shows a severe discrepancy, almost
65%, between the actual value and what is pre-
dicted.

3. Time-to-maturity Sweep: Across the time-to-maturity
sweep from 1 day to 5 years at-the-money, all
methods reflect the expected increase in option
value with increasing T , but they di!er substan-
tially in stability. The binomial tree exhibits no-
ticeable time-step sensitivity, showing strong de-
pendence on a higher number of steps. The Crank
Nicolson method produces smooth price curves
that converge uniformly toward the analytical so-
lution for both short and long maturities. The
Fourier spectral method achieves high accuracy in
the interior of the domain, mainly for moderate
maturities, but performance degrades as matu-
rity increases due to boundary-driven distortions.
Monte Carlo simulation correctly captures the in-
crease in option value, but convergence is slow
and noisy, especially for short maturities. Overall,
Crank Nicolson provides the most reliable perfor-
mance across the full time sweep.

4. Volatility Sweep: Substantial di!erences were shown
across numerical methods as the di!usion strength
in the Black-Scholes-Merton PDE increases. The
binomial tree exhibits a monotonic increase in op-
tion value with volatility, consistent with theoret-
ical expectations, but the magnitude of the in-
crease is exaggerated at high volatility. The Crank
Nicolson (CN) method produces smoother, more
controlled price growth across the volatility range,
indicating strong numerical stability. In contrast,
the Fourier Spectral Method (FSM) shows pro-
nounced non-physical oscillations and distortion
in the price profile as volatility increases, partic-
ularly at low and high asset prices, revealing sen-
sitivity to domain truncation. The Monte Carlo
method captures the correct qualitative trend of
increasing option value with volatility, but exhibits
large variance and slow convergence, especially at
high ε where path dispersion increases.

5. Risk-free-interest-rate Sweep: We expect increas-
ing the rate will also increase the option price.
The binomial tree method shows the expected in-
crease, with the e!ect most pronounced near and
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above the strike. The Crank Nicolson solutions
track the corresponding Black-Scholes-Merton curves
almost indistinguishably across the full range of
rates shown (from near-zero to r = 0.15), indicat-
ing its accuracy under large changes induced by
r. In contrast, the Fourier spectral method (FSM)
exhibits pronounced shape distortion and strong
sensitivity to r (nonphysical “hump” and eventual
decay at large S), which is inconsistent with the
near-linear asymptotic behavior expected for this
call. The Monte Carlo estimates increase with
r as expected, but remain comparatively noisy
and provide only a single-point summary per rate.
Overall, CN is the most reliable method for the
rate sweep (closest agreement with the analytical
solution across all r).

While binomial trees, Fourier spectral methods, and
Monte Carlo simulations perform well only in specific
regimes, their accuracy degrades due to discretization
error, domain artifacts, or slow statistical convergence.
Across all scenarios, the Crank Nicolson method con-
sistently delivers stable and accurate solutions, making
it the most robust choice for extending Black-Scholes-
Merton pricing to regimes where the analytical solution
is no longer reliable.

5.3 Greek Comparison

Greek accuracy is examined separately because sensitiv-
ity measures probe fundamentally di!erent numerical
behavior than prices. While option values are integra-
tive quantities that tend to smooth local errors, Greeks
depend on local gradients and curvature of the solution
and therefore respond more strongly to discretization
e!ects [3]. This section evaluates how well each method
resolves these local features and exposes limitations that
are not apparent from prices alone.

5.3.1 Delta vs S

Delta is used as a baseline diagnostic to verify that each
numerical method produces a stable, monotone first
derivative of the option value before examining higher
derivatives. For both year-long maturity and week-long
maturity, all 4 methods provide an accurate approxi-
mation to the BSM solution (refer to figures below).
The error between Fourier Spectral, Crank-Nicholson,
and Binomial and the analytical solution were on the
order of 10→3 both for the sharp transition of the short
maturity option and for the smoother longer maturity
option. Monte-Carlo points show scatter, but not fun-
damental bias and are most likely the product of the low
discretizations (500 steps). Since all methods exhibit
comparable accuracy for Delta, di!erences observed in

Gamma and Vega can be attributed to higher-order nu-
merical e!ects rather than failure to recover the under-
lying price dynamics.

Figure 2: Delta is plotted on the y-axis, stock price S
on the x-axis. The top graph is for year-long maturity,
bottom for a week-long maturity. The week-long ma-
turity rises much more sharply. All numerical methods
accurately follow the analytical curve.

5.3.2 Gamma vs S

Figure below compares #(S) at t=0 for T=1 across
four numerical methods. All methods reproduce the
shape and location of the Gamma peak near S = K,
confirming the analytical curvature peak around the
strike. As Gamma is a second derivative, discretizations
errors and statistical noise gets highly amplified, and
Crank-Nicolson and Monte-Carlo fail to reproduce the
behaviour of Gamma with respect to S well. The Monte
Carlo Gamma estimator exhibits substantial variance
because second-order finite di!erence amplifies sampling
noise by a factor proportional to 1/h2, making Gamma
significantly harder to estimate than prices or Delta at
fixed sample size. A much higher number of steps would
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be needed for an accurate gamma representation.

#(S) ↔ V̂ (S + h)→ 2V̂ (S) + V̂ (S → h)

h2
. (17)

The Crank-Nicholson curve, while approximating the
general behaviour well, exhibits an increasing ampli-
tude wave centred on the curve. The cause of these
oscillations could be the amplification of the grid-scale
error of the payo!’s “kink” at S = K. The kind does
not have a second derivative and since Crank-Nicholson
is non-dissipative, small scale grid oscillations remain
buried in the solution. When they are divided by ”S2,
they explode in a way that becomes visible.

Figure 3: # is plotted on the y-axis, stock prices (S) on
the x-axis. A bell like curve with a peak around 90 is
made by the curves. MC (blue dots) has high variance
but follows the curve, CN has oscillations around the
curve.

5.3.3 Vega vs Volatility

Figure 4 compares Vega of volatility sigma at t=0 for
maturity T=1. The curve of the “true” analytical solu-
tions rises slowly until volatility hits 0.5 and then even
more slowly as volatility continues increasing. Bino-
mial distribution is the only of the numerical methods
to follow the analytical solution exactly (with an er-
ror in the order of 10→4). Fourier Spectral diverges
from the solution at around sigma=0.6 and continues
to overshoot the Vega badly. This is likely caused by
the fact that at high sigma, the solution spreads further
into the tails, and undermines the periodicity assump-
tions of Fourier-Spectral. Fourier is extremely accu-
rate locally but is highly sensitive to domain truncation
for parameter derivatives. Crank-Niholson also tracks
volatility well but starts significantly underestimating
vega as volatility rises. At higher volatility, the di!usion

term dominates and if Smax is not large enough, trun-
cation/boundary placement can damp di!usion-driven
spread. Thus, the underestimation is a result of a bound-
ary limit.

Figure 4: Volatility is on the x-axis, Vega on the y-axis.
5 Curves - Analytical, CN, Fourier, Binomial Trees, and
MC (blue dots) are displayed. Binomial Trees follows
the analytical closest of all, CN and Fourier diverge at
ε ↔ 0.5.

6 Conclusion

In this report, we performed a rigorous comparison and
analysis of four numerical methods in relation to the
Black-Scholes-Merton PDE. Our findings determined that
while no single method dominates all scenarios, there
are some that have clear advantages. The Crank-Nicolson
finite di!erence method was the most consistent and
general purpose of all four methods. It maintained sta-
bility in extreme moneyness tests (deep ITM and deep
OTM), over various time periods, and within volatility
and rate ranges (0.05 to 2.5, 0.025% to 15%, respec-
tively). It has a log-log space convergence rate of -1.69,
which balances e$ciency and accuracy. The most accu-
rate method was the Fourier spectral method, demon-
strating superior e$ciency when converging. However,
it falls short in deep ITM regions or high volatility
regimes. This limits its application to more well be-
haved scenarios. Binomial trees were the most initia-
tive and visual method, and it was consistent across test
cases. However, it did exibit slow converges and time
step sensitivity. The final method, the Monte Carlo
Simulation, captured correct behavior and could han-
dle high dimensional problems. It did su!er from low
convergence, like binomial trees, proportional to 1/

↓
N

. This report provides overall guidance for scenarios
where analytical solutions fail, and numerical solutions
become of interest. The future of this work would in-
clude an incorporation of more test cases and further
methods, to expand into a comprehensive guide.
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A Appendix A: Calculations

The delta of a European call option is given by

”call = e→qTN(d1), (18)

whereN(·) denotes the standard normal cumulative dis-
tribution function and

d1 =
ln(S0/K) +

)︄
r → q + 1

2ε
2
[︄
T

ε
↓
T

. (19)

Given a target delta value ”call, we first isolate d1 by
inverting the normal distribution:

N(d1) = ”calle
qT ↗ d1 = N→1

)︄
”calle

qT
[︄
. (20)

Substituting this expression into the definition of d1 and
solving for S0 yields

ln

]︄
S0

K

⌊︄
= ε

↓
T d1 →

)︄
r → q + 1

2ε
2
[︄
T. (21)

Exponentiating both sides gives the closed-form rela-
tionship

S0 = K exp
}︄
ε
↓
T N→1

)︄
”calle

qT
[︄
→
)︄
r → q + 1

2ε
2
[︄
T
⟨︄
.

(22)

B Appendix B: Graphs

B.1 Test case 1 – Deep Out of the Money
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Figure 5: Deep out-of-the-money stress test (pricing). All methods decay toward zero as S decreases; deviations
highlight tail and truncation sensitivity.

B.2 Test case 2 – Deep In the Money
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B.3 Test case 3 – Time Sweep
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B.4 Test case 4 – Rate Sweep
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B.5 Test case 5 – Volatility Sweep
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